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Abstract
It is known that a self-orthogonal 2-(21, 6, 4) design is unique up to isomorphism.We give a construction of 2-(21, 6, 4) designs.As
an example, we obtain non self-orthogonal 2-(21, 6, 4) designs. Furthermore, we also consider a generalization of the construction.
© 2005 Elsevier B.V. All rights reserved.
Keywords: Self-orthogonal designs; Resolvable 2-designs; Finite projective planes
1. Introduction
A t-design with parameters (v, k, ) (or a t-(v, k, ) design) is a pair D = (X,B), where X is a set of points
of cardinality v, and B a collection of k-element subsets of X called blocks, with the property that any t points are
contained in precisely  blocks. It follows that every i-subset of points (i t) is contained in exactly (i)=
(
v−i
t−i
)
/
(
k−i
t−i
)
blocks. The number (1) of blocks that contain a given point is traditionally denoted by r, and the total number of blocks
is b = (0).
Let D= (X,B) be a t-(v, k, ) design, and p be a point. The derived design has the point set X\{p} and the block
set {B\{p} : B ∈ B, p ∈ B}. It is a (t − 1)-(v − 1, k − 1, ) design. The residual design respect to the point p ∈ X
has the point set X\{p} and the block set {B ∈ B : p /∈B}. It is a (t − 1)-(v − 1, k, (t−1) − (t)) design.
A t-design is called self-orthogonal if the block intersection numbers have the same parity as the block size k [10].
For example, a 2-(7, 3, 1) design (a projective plane of order 2) is self-orthogonal. It is well-known that theWitt system
5-(24, 8, 1) design W24 is unique up to isomorphism and has the block intersection numbers 0, 2, 4. Therefore, W24
is self-orthogonal. The parameters of all t-designs (t = 2, 3, 4) obtained from W24 as derived and residual designs by
deleting one, two or three points are given in Table 1.
It is well-known that W23,W22 and PG(2, 4) (a projective plane of order 4) are the unique designs with the given
parameters. It is shown that the designs No. 3, 5, 6, 8, 9, 10 are the unique self-orthogonal designs with given parameters
by Tonchev [9,10]. Also, the uniqueness of the 2-(21, 6, 4) design (No. 8) is shown by Sane [7].
In this paper, we consider 2-(21, 6, 4) designs. We note that the only known example of a 2-(21, 6, 4) design
is the unique self-orthogonal design (cf. [5]). In Section 2, we give a construction of a 2-(21, 6, 4) design. Then we
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Table 1
Designs obtained from W24
No. t-(v, k, ) design
1 5-(24, 8, 1) W24
2 4-(23, 7, 1) W23
3 4-(23, 8, 4)
4 3-(22, 6, 1) W22
5 3-(22, 7, 4)
6 3-(22, 8, 12)
7 2-(21, 5, 1) PG(2, 4)
8 2-(21, 6, 4)
9 2-(21, 7, 12)
10 2-(21, 8, 28)
construct non self-orthogonal 2-(21, 6, 4) designs, which are new designs. In Section 3, we investigate a generalization
of the construction.We show that a set of the parameters of a 2-design obtained by the construction is (7, 4, 2), (21, 6, 4)
or (111, 12, 10).
2. A construction of 2-(21, 6, 4) designs
A parallelism of a design D is a partition of the block set of D into classes H1, . . . , Hr with the property that any
point of D lies in a unique block of each class. A design is called resolvable if it has a parallelism. We use the notation(
R
2
)
to denote the all 2-element subsets of a set R.
Proposition 2.1. Suppose that (P,Q) is a 2-(16, 6, 2) design, (P, S) is a resolvable 2-(16, 4, 2) design and R is a set
of ﬁve points. LetH1, . . . , H10 be the 10 parallel classes of (P, S). Let  be any bijection from
(
R
2
)
to {H1, . . . , H10}={
({x, y})|{x, y} ∈ (R2 )}. Put S′ = {A ∪ {x, y}|A ∈ ({x, y}), {x, y} ∈ (R2 )}, X = P ∪ R and B = Q ∪ S′. Then
(X,B) is a 2-(21, 6, 4) design.
Proof. Since (P,Q) is a 2-(16, 6, 2) design and (P, S) is a 2-(16, 4, 2) design, any two points ofP are contained in four
(=2+2) blocks.Any two points x, y of R are contained in four blocks A∪{x, y} (A ∈ ({x, y})). Let (p, r) ∈ P ×R.
For each r ′ ∈ R\{r}, there exists exactly one block Ar ′ ∈ ({r, r ′}) such that p ∈ Ar ′ . Hence, (p, r) is contained in
four blocks Ar ′ ∪ {r, r ′} (r ′ ∈ R\{r}). So, any two points of X are contained in precisely four blocks of B. Hence,
(X,B) is a 2-(21, 6, 4) design. 
It is known that there are exactly three non-isomorphic 2-(16, 6, 2) designs (cf. [5]). In 2004, the resolvable 2-
(16, 4, 2) designs are classiﬁed by Kaski and Österga˚rd [2]. Up to isomorphism there are 325, 062 such designs. Out of
the 325, 062 designs only 5001 do not contain the afﬁne plane of order 4 (the well-known unique 2-(16, 4, 1) design)
as a subdesign. Proposition 2.1 gives 3 × 325, 062 constructions of 2-(21, 6, 4) designs. It seems that counting the
number of isomorphic classes of the designs is difﬁcult.
Proposition 2.2. If (P, S) contain a 2-(16, 4, 1) design as a subdesign, then the 2-(21, 6, 4) design (X,B) (in Propo-
sition 2.1) is non self-orthogonal.
Proof. Set S = A1 ∪ A2 (disjoint). Let (P,A1) be a 2-(16, 4, 1) design and H1, . . . , H5 be the parallel classes of the
design. Then we have |B ∩ B ′| = 1, for B ∈ Hi, B ′ ∈ Hj (i = j). Suppose that (X,B) is a self-orthogonal design.
Since any two blocks of (X,B) intersect in 0 or 2 points, there exist ﬁve 2-element subsets of R meeting in one point.
By |R| = 5, the number of 2-element subsets of R meeting in one point is at most four, a contradiction. 
Remark 2.3. By the ‘variance trick’ [1], it is easily seen that a 2-(21, 6, 4) design contains a 2-(16, 6, 2) design as a
subdesign if and only if it contains a (possibly not resolvable) 2-(16, 4, 2) design as a subdesign.
H. Nakasora /Discrete Mathematics 306 (2006) 147–152 149
3. A generalization
In this section, we give a generalization of the construction of Proposition 2.1.
Construction (∗). Let k4. Suppose thatD1=(P,Q) is a 2-(l, k, 1)design,D2=(P, S) is a resolvable 2-(l, k−2, 2)
design and R is a set ofm points. LetH1, . . . , Hm(m−1)
2
be the m(m−1)2 parallel classes of (P, S). Let be a bijection from(
R
2
)
to {H1, . . . , Hm(m−1)
2
}=
{
({x, y})|{x, y} ∈ (R2 )}. Put S′ = {A∪{x, y}|A ∈ ({x, y}), {x, y} ∈ (R2 )}, X=P ∪R,
B= Q ∪ S′ and = 1 + 2. We set D = (X,B).
We prove the following theorem.
Theorem 3.1. If D = (X,B) obtained by the construction (∗) is a 2-(l +m, k, ) design, then a set of the parameters
is one of the following:
(1) (7, 4, 2);
(2) (21, 6, 4);
(3) (111, 12, 10).
Proof of Theorem 3.1. Let b, b1, b2 be the total numbers of blocks of D,D1,D2, respectively, and r, r1, r2 be the
numbers of blocks containing a point of D,D1,D2, respectively. Then we have
b = (l + m)(l + m − 1)
k(k − 1) × , r =
l + m − 1
k − 1 × ,
b1 = l(l − 1)
k(k − 1) × 1, r1 =
l − 1
k − 1 × 1,
b2 = l(l − 1)
(k − 2)(k − 3) × 2 =
(m
2
)
× , r2 = l − 1
k − 3 × 2 =
(m
2
)
.
Claim 1. D has parameters ((k − 2)+ + 1, k, ).
Proof. Since r = r1 + r2, we have
(l + m − 1)(1 + 2)
k − 1 =
(k − 3)(l − 1)1 + (k − 1)(l − 1)2
(k − 1)(k − 3) ,
(k − 3)m1 + (km − 2l − 3m + 2)2 = 0,
(k − 3)m(1 + 2) + (−2l + 2)2 = 0.
Hence, 2 = (k − 3)m/2(l − 1). Since
r2 = l − 1
k − 3 × 2 =
m
2
=
(m
2
)
,
we have m = + 1 and
b2 = l(l − 1)
(k − 2)(k − 3) × 2 =
l
k − 2 ×
(m
2
)
=
(m
2
)
× .
Hence, l = (k − 2). 
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Then, the parameters are written as follows:
b = 
2(k− + 1)
k
, r = 2,
b1 = 
2(− 1)(k − 2)
2k
, r1 = (− 1)2 ,
b2 = 
2(+ 1)
2
, r2 = (+ 1)2 ,
1 = (− 1)(k − 1)2((k − 2)− 1) , 2 =
(+ 1)(k − 3)
2((k − 2)− 1) .
Claim 2.  is even and k = + 2.
Proof. Suppose that = 2x + 1 (x1). Since
1 = (2x + 1)2x(k − 1)2((2x + 1)(k − 2) − 1)
= x(2(k − 2)x + (k − 3)) + 2x(x + 1)
2(k − 2)x + (k − 3)
is an integer, we have that 2x(x + 1)/(2(k − 2)x + (k − 3)) (=u, say) is an integer. Here, we have
u = 1
k − 2
(
2(k − 2)x2 + 2(k − 2)x
2(k − 2)x + (k − 3)
)
= 1
k − 2
(
x + (k − 1)x
2(k − 2)x + (k − 3)
)
.
Then, since (k − 1)x/(2(k − 2)x + (k − 3)) is an integer and (k − 1)x0, we obtain (k − 1)x2(k − 2)x + (k − 3)
or (k − 1)x = 0. Hence, we have k3 or k = 1, which gives a contradiction.
Let = 2y (y1). Since
1 = 2y(2y − 1)(k − 1)2(2y(k − 2) − 1)
= y(2(k − 2)y − 1) + 2y
2 + 2y − ky
2(k − 2)y − 1
is an integer, we have that (2y2 + 2y − ky)/(2(k − 2)y − 1) (=w, say) is an integer. Here, we have
w = 1
2(k − 2)
(
4(k − 2)y2 − 2(k − 2)2y
2(k − 2)y − 1
)
= 1
2(k − 2)
(
2y − (k − 2) − k − 2 − 2y
2(k − 2)y − 1
)
.
Then, since (|k − 2 − 2y|)/(2(k − 2)y − 1) is an integer, we have the following three cases:
(a) k − 2 − 2y2(k − 2)y − 1, if k − 2 − 2y > 0;
(b) k − 2 − 2y − (2(k − 2)y − 1), if k − 2 − 2y < 0;
(c) k − 2 − 2y = 0.
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For the cases (a) and (b), we have k1 and k3, respectively, which gives a contradiction. For the case (c), then
we have w = 0. Hence, we ﬁnd that 1 = 2 = y = /2 is an integer. So, k =  + 2. In particular, D has parameters
(2 + + 1, + 2, ). 
Claim 3. If there exists a 2-(2 + + 1, + 2, ) design, then = 2, 4 or 10.
Proof. Since
b = 
2(2 + + 1)
+ 2
= (+ 2)
4 − 7(+ 2)3 + 19(+ 2)2 − 24(+ 2) + 12
+ 2
is an integer, we have that 12/(+ 2) is an integer. Hence, we have = 2, 4 or 10. 
Thus, the above claims complete the proof of Theorem 3.1. 
It is well-known that a symmetric 2-(7, 4, 2) design is unique (the complementary design of the projective plane of
order 2). In the other cases, we will give the following proposition, where a 2-design is called quasi-symmetric if the
number of points in the intersection of two blocks takes only two values.
Proposition 3.2. Suppose that  = 2. If a 2-(2 +  + 1,  + 2, ) design D is self-orthogonal, then D is a quasi-
symmetric design with the block intersection numbers 0 and 2.
Proof. For a block B of the design D, let n2i be the number of blocks that meet B in 2i points, where i =0, 1, . . . , /2.
Then
/2∑
2i=0
n2i = b − 1, (1)
/2∑
2i=0
2in2i = (r − 1)(+ 2) = (2 − 1)(+ 2), (2)
/2∑
2i=0
2i(2i − 1)n2i = (− 1)(+ 2)(+ 1) = (2 − 1)(+ 2). (3)
By (2) and (3), we have n2i = 0 for i2. By (1), we obtain n0 = ((2 − 1)( − 2))/2( + 2), n2 = ((2 − 1)
(+ 2))/2. 
Table 2 lists the existence of a self-orthogonal and a non self-orthogonal 2-(2 + + 1, + 2, ) design for the three
parameters.
Table 2
The list of 2-(2 + + 1, + 2, ) designs
2-(2 + + 1, + 2, ) Self-orthogonal non self-orthogonal
2-(7, 4, 2) Existence Non-existence
(unique)
2-(21, 6, 4) Existence Existence
(unique) (Proposition 2.2)
2-(111, 12, 10) Non-existence Unknown
(Sane [7])
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As stated in Section 1, a self-orthogonal (quasi-symmetric) 2-(21, 6, 4) design is unique. We gave the existence of
non self-orthogonal 2-(21, 6, 4) designs in Section 2. The non-existence of a self-orthogonal 2-(111, 12, 10) design is
known. The following theorem is due to Sane [7].
Theorem 3.3 (Sane). A projective plane of order 10 has an extension if and only if there exists a quasi-symmetric
2-(111, 12, 10) design.
In 1983, Lam et al. [3] showed the non-existence of an extendable projective plane of order 10. Thus, by Theorem
3.3, there is no self-orthogonal (quasi-symmetric) 2-(111, 12, 10) design (see [6] and [8]). Also, the non-existence of
a projective plane of order 10 was shown by Lam et al. [4] in 1989.
Remark 3.4. If there exists a 2-(100, 12, 5) design and a resolvable 2-(100, 10, 5) design, we obtain a non self-
orthogonal 2-(111, 12, 10) design by the construction (∗). However, it seems that there is no known example of either
a 2-(100, 12, 5) design or a resolvable 2-(100, 10, 5) design.
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